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Abstract—This paper studies the problem of locating the sparse
set of sources of forcing inputs driving linear systems from noisy
measurements when the initial state is unknown. This problem
is particularly relevant to detecting forced oscillations in electric
power networks. We express measurements as an additive model
comprising the initial state and inputs grouped over time, both
expanded in terms of the basis functions (i.e., impulse response
coefficients). Using this model, with probabilistic guarantees, we
recover the locations and simultaneously estimate the initial state
and forcing inputs using a variant of the group LASSO (linear
absolute shrinkage and selection operator) method. Specifically,
we provide a tight upper bound on: (i) the probability that the
group LASSO estimator wrongly identifies the source locations
and (ii) the /2-norm of the estimation error. Our bounds depend
on the length of the measurement horizon, the noise statistics,
the number of inputs and sensors, and the minimum singular
value of the impulse response matrices. Our theoretical analysis
is one of the first to provide a complete treatment for the group
LASSO estimator for the left invertible linear systems. Finally,
we validate the performance of our estimator on synthetic models
and the IEEE 68-bus, 16-machine system.

Index Terms—Forced oscillations, unknown input, group
LASSO, invariant zeros, source localization, sparse estimation.

I. INTRODUCTION

Low-frequency oscillations in the electfic transmission grid
are indicative of the type of disturbanee afflicting the system.
Natural oscillations, with frequencies in\between 0.1-2 Hz,
are triggered by random load fluctuations and sudden network
switching. In contrast, forced oscillations (FOs), with frequen-
cies in between 0.1-14 Hz, result from external inputs injected
by malfunctioned devices, such, as power system stabilizers
(PSS), generator controllérs, and exciters, and cyclic loads etc.

[1], [2]. FOs remaim»undamped for longer periods of time,
and if not mitigated, they pose a greater risk to the power
systems operationgpotentially causing blackouts.

A popular and an’ inexpensive method adopted in practice
to mitigate FOs in power systems is to disconnect the sources
triggering the oscillations [2]-[4]. This amounts to accurately
locating the FO sources. As installing sensors at each potential
source is expensive, recent research suggests using phasor
measurement unit (PMU) measurements based source local-
ization algorithms. These algorithms range from physics-based
energy approaches to completely data-driven approaches [2];
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the latter, albeit their impressive performance on test cases,
lack theoretical guarantees. This deficiency makes it harder
to quantify the performance and limitations‘of measurement-
based methods on what is and is not possible.

We address the lack of guaranteestof existing data-driven
approaches by posing the localization problem as a regular-
ized optimization problem—referred to as the group LASSO
estimator. The regularization term imposes sparsity constraints
on the number of source locations, which is often the case in
many practical systemsjincluding power systems [3], [5]. The
input to our optimization problem are the noisy measurements
and dynamical system matrices. It returns the source locations
and estimates-of unknown initial state and inputs (oscillatory
or not).injected by these sources. Formally, we consider
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[u} € argmm y— OxO—ZJ u; —&—)\ZHuJHQ, (1)
x0,{u; }jL j=1 j=1
B
where u; = [u;[0],...,u;[N]]T is a vector of inputs injected

by the j*" source, j € {1,...,m}, over a discrete time horizon
{0,..., N}, y is the noisy batch measurements collected by p
sesnors over {0,...,N}; O and J; are the observability and
forced impulse response matrices, respectively (see Section II
for the actual expressions); and A > 0 is the tuning parameter.
Let 8" = (x§,uf, ..., u;;@) be the unknown ground truth and

SE{j:u;#0} C{l,...,m} be the set of active sources.
By sparse number of sources, we mean that |S| = m* C <L m.
Let S 2 {j: u; # 0}, where U is in (1). We show that 5 = S*
and || B-p" l2 <€, for € > 0, hold with high probability.

In the context of regression models, including linear, logis-
tic, and functional models, a vast body of literature exists on
quantifying the theoretical performance of the group LASSO
estimator and its variants; for a sample, see [6]-[8]. However,
these studies assume either J; and O to be random or satisfy
rather restrictive assumptions, both of these might not hold for
J; and O obtained from linear dynamical systems. Further, J
associated with the non-zero input u; could be rank deficient,
especially if the underlying linear dynamical system is only d-
delay left invertible' [9]. Consequently, the optimization in (1)
is not strictly convex in the optimization variables, even when
the true sources set S is known. Thus, there may exist multiple
optimal solutions ﬂ and it is not clear if S is common for all
these solutions. In this paper, we address all these issues by
imposing physically meaningful assumptions on O and J;,.

'A dynamical system is d-delay left invertible if u;[k], for j € {1,...,m},
can be uniquely recovered from noise-less measurements {y[k], . . ., y[ker]}



Going beyond the motivating example of forced oscillations
in electric power systems, the problem setup in (1) is general
and the formal results in this paper can be used to localize and
reconstruct sparse inputs for a variety of practical engineering
systems modeled as linear dynamical systems.

Paper Contributions: The problem we introduce in (1) is
distinct from state of the art regularized based optimization
methods in seeking to localize inputs and estimate initial state
using sufficiently delayed measurements over a block of time.
For the estimator in (1), our main contributions as follows:

1) We derive sufficient conditions under which the following
hold with high probability: (i) the estimation error in the
f5-sense is bounded, and (ii) the localized sources match
the true sources. A key contribution is that despite the
rank deficiency of model matrices, we guarantee that the
group LASSO can localize the sources correctly. For rank
deficient matrices J;, we provide estimation guarantees
for the delayed inputs (see Section III). Our result hinges
on introducing and thresholding a mutual incoherence
condition (MIC) on the augmented O and J; matrices.

2) The time-domain MIC condition we introduce requires
computing correlations among the matrices O and J;.
This computation can be challenging especially for esti-
mation horizon V. To tackle this hurdle, we upper bound
the time-domain MIC with a frequency-domain MIC.
Interestingly, the latter is a sufficient condition if we were
to consider a LASSO estimator in the frequency-domain,
We also establish a fundamental relationship between the
performance of the proposed estimator and the absénce
of invariant zeros for the sub-system excited by non-zero
inputs, and thresholding the frequency domain MIC.

3) We validate the group LASSO estimator’s‘ performance
on synthetic data and the IEEE 68-bus, 16-machine sys-
tem. We implement our estimator using the Alternating
Direction Method Multipliers (ADMM) method [10].

Related Literature: In power systéms, energy methods based
on frequency domain data and statistical signal processing
methods (e.g. AR and ARMA models) are commonly used to
localize unknown forced oscillatory,inputs. In [11], a Bayesian
approach was used to localize'sources based on the generators
frequency response fungtions. In [12], the pseudo-inverse of
system transfer functions were used to localize the sources. In
[13], the authorsdeveraged magnitude and phase responses of
transfer functions between different buses to localize sources.
Finally, machine)learning and PCA methods for localization
were explored in [14] and [3]. All these methods primarily
focus on oscillatory inputs, which might not apply to non-
oscillatory inputs, including malicious attacks. We address this
limitation by casting the source localization problem as an
unknown input recovery in linear dynamical systems.

The problem of source identification in the context input
and sensor and attacks was studied in [15]-[18]. But they fail
to address input estimation and are applicable only for noise-
free systems with more sensors than inputs. Moreover, these
methods rely on banks of input observers, which might not
be a practical solution for large-scale critical infrastructures.
In [19], [20], for known inputs, using randomly sampled
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measurements, the authors obtained sample complexity results
for reconstructing the initial state with sparsity constraints. In-
stead, the authors in [21] and [22] considered sparse input and
non-sparse state reconstruction using off-line and sequential
measurements. However, these works do not address location
recovery guarantees for the sparse set of unknown sources in
the presence of an unknown non-sparse initial state. In contrast
to these works, we consider a unified framework, based on a
LASSO method, to jointly locate the sources, and estimate the
sparse inputs along with the unknown initial state. As high-
lighted in several other non-sparsity based input identification
methods [15], [23], [24], our results also highlight the role of
invariant zeros for sparse input recovery.

Mathematical Notation: We denote the'veetors and matrices
are by boldface lower case and upperscase,letters. Denote the
d x d identity matrix by I;. When the context is clear we drop
the subscript notation. Denote thespseudoinverse of X by XT.
The rangespace of X is defined by R(X) = {Xz:2z € R™}.
Given S C {1,...,m} and %€ R™, we write xg for the
sub-vector of x formedifromrthe entries of x indexed by S.
Similarly, we write, Mg, for the submatrix of M formed from
the columns of M indexed by S. For 1 < p < oo and the
vector X = lay, . by L), denote x|, = (307 |aslP) /P
Instead,{|01|| .g.= max; [w|. The ¢, ;-mixed-norm, with a,b >
0.of = da] ... 2]]" is given by ||z, , = 37, |lz; ;- By
convention,"{|zl|,, £ Z;=1 I(||z;]la # 0), where I(-) is the
indicator function, counts the number of non-zero vectors.

II. PROBLEM SETUP AND PRELIMINARIES

For a sampled system, we obtain a linear relation between
measurements and the initial state and forced inputs. We then
formulate a group LASSO optimization problem to estimate
the initial state and inputs, and to locate the unknown sources.

A. Linear dynamics under sparse forced inputs

Consider the following continuous-time linear system sub-
jected to external inputs:

%xc(t) = Acxc(t) + Beug(t), teR, )

where x.(t) € R™ and u*(t) € R™ is the state and input. We
assume the input to be sparse, that is ||ul(t)||o < m* << m
for all ¢ € R. In the context of power systems, the state x.(t)
consists of the dynamical states of generators and their control
systems, including rotor angles, speed deviations, field exci-
tation voltage, etc. Instead, uj(t) = [uf (¢),...,u,,(t)]T is
the vector of inputs triggered by the sources of FOs, among
which only m™ locations are active. However, our model in (2),
except for sparsity constraints, is general and allows for multi-
dimensional un-modeled exogenous stochastic or deterministic
disturbances, benign faults, or adversarial attacks.

We consider the discrete-time dynamics of (2) together with
a measurement equation:

x[k + 1] = Ax[k] + Bu*[k], 3)

yv[k] = Cx[k] +v[k], k=0,1,..., 4)
where A = e B = (fogt efeTdr)B,, and §t is the
sampling time period, and u*[k] = [uy[k], ..., u[k]]T. Fur-
ther, y[k] = [y1[k],...,yp[k]]T € RP is the measurement,
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v[k] ~ SN (0,0°1) is noise, and C € RP*" is the sensor matrix.
In Section IV, we consider dynamics in (3) with process noise,
and also relax the diagonal covariance assumption on v[k].

Let S = {j : u;[k] # O foratleast one k& > 0} C
{1,...,m} and S¢ = {1,...,m}\ S. We refer S and S° to as
the active and inactive set. Partition B as B = [Bg Bg-] and
ulk] = [ul[k] ulc k)T, with ugek] = [uf, K., u; [K]
and Bge = [b;,,...,b; |, where i,, € S¢ and r = |S¢| =
m — m*. Similarly, define u§[k| and Bg. Then, the input
term in (3) can be written as

k] = f:bju;[k] => buik]+ > bullk

JES JES® )
= Bsug[kj] + Bscusc [k‘]

The above representations will play a key role in formulating
our group LASSO problem in Section II-B.

Using (3)-(4), we express the batch measurements y (see
below) as a linear model with added noise. Define the vectors

y[0] v[0] 0]
: , and uj = ,  (6)

V[N] u3[N]

y= : , V=
y[NV]

where y, v € RP(N+D and u; € RN*L for all j € SU S°.
Here, N 41, with N > 0 is the length of the estimation hori-
zon. We also define the observability matrix O € RP(V+1)xn
and the impulse response matrix J; € RP(NHXNFL 59

C 0 0 0 0
CA HY 0 o 0

o= |CA*| 5,—|HY HY o0 N
CAV Y HY a9 o

where j € S U‘SC, and, for any [ > 1, the [-thdimpulse response
parameter Hl(]) € RP*! is defined as Hl('7) = CA!"'b;.

Let x[0] = x{ be the unknowr initial ‘state. From (3)-(4)
and the fact that Bu*[k] = 37", b;uj[k], we observe that

yszS—I-ZJju;—i—v, (8)

=1

where v ~ N (0,0 Ip(N+1)) u; is in (6) and J; is in (7).

B. Initial State and Unknown Input Estimation under Sparsity
Constraints: A Group LASSO for Approach

Based the measurement model in (8), we introduce the
group LASSO estimator to estimate (x§, uj,...,u},) and also
the active set S. Let J = [J],...,J] Jandu=[u],..., ul],
where u; € RV*!. Recall the definition of ¢, o-norm from the

notation section, and consider

X0 f 1 2
[ﬁ} = arg min {2T |y — Oxo — Ju|2+)\T||u||p,0} . (9
where the regularization parameter Ay >0and T' = p(N+1) is
the dimension of y in (8). The above problem is called subset
(or block-column) selection problem because the optimization
problem amounts to finding J; that contributes to y in (8).

Unfortunately, (9) is a combinatorial optimization problem
and its computationally complexity is exponential in m. We
circumvent this difficulty by replacing the ||ul|, o with the
|lul|p,1-norm. This is a common relaxation technique widely
used in the literature of compressed sensing and statistics; see
[25], [26]. Thus, we end up with the group LASSO problem:

)/EO . 1 2
{ﬁ} Gargorillm {2T ly — Oxo — Ju|[3+Az|lu |p71} . (10)
For definiteness, we set p = 2, although our analysis extends
= 2 Ml

is referred to as the block or group norm. Our optimization
problem in (10) differs from the traditional ‘group LASSO [7]
because we do not penalize xg. This is(subtle yet important
distinction because in many applications,./including power
systems, initial state is rarely sparse..In Section VI, we provide
details on how to numerically solve (10). Instead, in Section
III, for a specific range of Ag, we show that the group-norm
based regularizer promotes group spars1ty in 4 and that S = S
holds with high probability, Where 5 £ {j :u; #0}.

Due to the presence of ‘additive noise in the measurement
vector y in (8), neither the estimate ﬁ (xo, u) in (10) need
to identically,match'8™ = (xg, u*) nor does S = S. Thus, we
evaluate’the quality of our estimates (i.e., the hatted quantities)
in a probabilistic sense using the error metrics:

« B is said to be fy-consistent if |8 — 3|2 < o(T) with

probability at least 1—c; exp (—c2T), for some > c1,02>0.

o ju is said to be location recovery consistent if S=.5 with

probability at least 1 — c3 exp(—c4T), for c3,cq > 0.
Here o(T') implies that the upper bound on the error tends to
Zero as T — oo. The ¢5-error bound ensures that the estimate
B ~ B* by increasing T = p(N + 1). Instead, the location
selection consistency ensures that as as long as 7" is sufficiently
large, S correctly identifies the true sources of FOs.

III. DELAYED ESTIMATION AND INVARIANT ZEROS

In this section we cull recent results on the initial state and
delayed input recovery using finite number of measurements
[27], by assuming the knowledge set S. These results provide
a starting point to prove our main results in Section I'V.

We begin by expressing y in (8) in a slightly different way.
From (5), we have Bu*[k] = Bsug[k] + > ;s bjujlk].
Substituting this fact in (3) and recursively expanding y[k] in
(4) yields us the following model for y defined in (6).

ZJu + v,

=0 s+

~ = (1)
bws o7
where uj and Jg € RPNVFDXm (N+1) gre defined as
us[0] Os 0O o0 ... 0
wi[1] H” o o0 ..0
. S) (S
ulh= ugl2] | ge= Hé) Hg Yo ... 0 . (12)
ug[N] HY H, .. HY 0



with H®) = CA!"'Bg, for all [ > 1. Note that y in (8) and
equals y in (11). Importantly, ug in (12) is a concatenation
of inputs uf[k] associated with S from k = 0 (top) to N
(bottom), but not a concatenation of uj in (6), for all j € S.

To show that the group LASSO is location recovery consis-
tent, or .S = S holds with high probability, ¥ g = [O J s] in
(11) should be of full column rank. To see this, suppose that
02 =~ 0 and that we know S. Then, by substituting u; =0,
for all j € S, and v =0 in y in (11), it follows that

y = ¥s05. (13)
Thus for a rank deficient ¥g, we cannot perfectly recover
Bs = (x§,us[0],...,u[N]) even with noise-free measure-

ments and with the knowledge of S. However, unfortunately,
unlike the model matrices, such as random design and Fourier
basis matrices, considered in signal processing and statistics
applications, Wg could be rank deficient. This is so because
system in (3)-(4) may not be initial state and input observable
[9]; that is, either O or Jg is rank deficient, or both O and
Js have full ranks, but [O Jg] is rank deficient.

From the foregoing discussion, it is clear that recovering 3
and full rank of Wg are intimately connected. Interestingly,
for d-delay invertible linear systems, even when 3% is not
recoverable, a portion of it is perfectly recoverable [9], [27]. In
fact, we can recover 85 o.n_q = (X5, u5[0]; ..., us v_q))
where N > d, from y' = [y"[0],...,y"[N]] Here, d > 0 is
called delay and we refer Bgy[OZ N—d) to as the delayed input.
As a result, we show that a specific sub-matrix of Wg has full
column rank even when W is rank deficient.

We formalize the notion of d-delay. Let xo =0 to note that
Wg=Jg and B5=uf. Substituting Jg (12) in (13), yields

y[0] 0o | o ..0
y[1] HY | o ... o0

.= . g (14)
y[N] Y [HY, A0

N N-1
yN £35 (o] U5, 0]
Notice that Jg = Jg [n.9) andiug = ug,[o:zvy Define
Js o) = [ M MO, [ M | as)

where Ml(s) denotes, the [*" block column of J s,[N:0] labeled
right (I = 0) to left (I = N). By construction Jg n.o is
rank deficient because of the zero diagonal blocks in in (14).
Thus, we cannot recover ug[N] using y . Further, in several
practical applications, HES% = CBg = 0 (or has non-full
column rank). This is because sensors may not be located at
the inputs. For e.g., in power systems, bus level PMUs do not
directly measure power system stabilizer’s output. Thus it is

impossible to recover ug[N — 1] using y .

Definition 1. (System delay) For a non-negative integer d > 0,
let Jg (.01 be as in (14). System in (3)-(4), with x5 = 0,
u; =0, for j € 5% and 02 =0, is d-delay left invertible if

Rank(Js (a.0)) — Rank(Js [4—1.0]) = m”, (16)
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for Js (4.0) defined in (14) and m* is the dimension of ug|k].
The smallest d that satisfies (16) is denoted as ngs. U

Throughout we assume d = 75 and we set d £ oo if (16)
does not hold for any d > 0. Suppose that ng < oo. Then,
from the rank properties of partitioned matrices [27], MEIS) in
(15) has full column rank. Thus, there exists a matrix Q such
that Qy, = u%[0], where y, = [y'[0]...y"[d]]T. We may
recover uj[1] using the residual Y441 £ yii1 — Mdilug [0].
In fact, Qyq41 = uf[l]. By iterating this procedure, we can
obtain uf oy 4 = [(u5[0)T,..., (us[N —d])T]" using y.

We relax x = 0 assumption and extend the.rank condition
in (16) to recover jointly 3% o.n_q = (x50 g —qp) s a
whole rather than sequentially, using y < First, we define the
smallest delay for recovering xg in the presence of input:

s =min{d > 0 : Rank([Oq J g q.0)}) ~Rank(J g [4.0)) =7},
A7)

where Oy = [CT (CA)T £ 73(CA4)T], and n is the dimen-
sion of A. The rank cendition in (17) says that O, has full
column rank (= n) and that the columns in Oy are linearly
independent of columns’in J g 4.0- This condition is stronger
than system in (3)-(4) being observable, as shown below:

Example 1. Let A = [1 2:0 3], Bs=[2 3]", andC =
[1 0]. Then ns = 1 and Rank O; = 2, for any { > 2; that
is,-the system is observable. However, us = oo. To see this
note that the second column of A is identical to Bg; thus, the
matrices Og4 and J g 4.0y have some columns in common, and
consequently, (17) does not hold for any d > 0. (]

Let Ml(s) be defined as in (15). For N > d > 0, define
Us=[0 Js|; g vy = [0 MY ... M{P); and finally,
W10 = MY, . M) Note that

Vs =Yg n:a] ¥s,[d—1:0]] (18)

with an understanding that ¥ g = W5 y.q for d = 0. Let \Ilfg
be the pseudo inverse of Wg. The proposition below estab-
lishes conditions under which we can recover (x3, ug 0:N—d] ).

Proposition 1. Suppose that ng in (16) and pg in (17) are
finite. Then, for N > max{ng, ps} with d > ng, we have

1) \1157[N:d1 defined in (18) has full column rank.

2) R(¥s,n:q) " R(¥s,a—1:0]) = {0}.
Moreover, for tsg = (N —d + 1)m* and m* = |S

, we have
*
X0

l:ﬁ* :| :[In+ts 0(n+t5)><d7rL*] \Ilgy (19)
S,[0:N—d]

ﬁS,[O:N—d]

The proof of this fact is given in [27, Theorem 7]. Part (1)
of proposition states that the sub-matrix W g . has full rank
even when Wg .o is rank deficient. This fact plays a vital
role in the performance analysis of the group LASSO estimate.

For Proposition 1 to hold, we require ng, g < co. Using
the notion of zeros and rank of the system matrix (see below),
we state verifiable conditions to check if ng, us < oco. For all
z € C, define the Rosenbrock system matrix:

ZI.,L —A —B,5‘:|

Zsle] 2 [ C 0 (20)
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Let nRankZs 2 max,cc Rank Zg(z] be its normal rank. A
number zg € C is called the invariant zero of (A,Bg, C) if
Rank Zg[zp] < nRankZg. If (A, Bg, C) has invariant zeros,
there exists u} # 0 and x¢ # 0 such that (noise-free) y[k| =
0, for all £ > 0 [28]. (Thus, we cannot distinguish between
non-zero and zero inputs from y  alone.) Hence, g, pts = 0.

Lemma 2. Suppose that (A,Bg, C) has no invariant zeros.
Then (i) ps < oo, and for N > ug, system in (3)-(4) is initial
state observable; and (ii) ng < oo if nRankZg = n + m*.

A proof for the statement (i) can be found in [27, Proposi-
tion 5]. Instead, the statement (ii) follows from [9, Theorem 1,
pp- 227]. Thus, if (A, Bg, C) satisfies conditions in Lemma 2,
the assumptions in Proposition 1 hold. Hence, the sub-matrix
W (n:q) has full rank and we can recover (xg, uE:[O: N_ d]).

IV. LOCATION RECOVERY AND ESTIMATION
CONSISTENCY OF THE GROUP LASSO ESTIMATOR

We theoretically investigate the performance of the group
LASSO estimator in (10) using the previously stated results
for the delayed input estimation. Our results generalize the ex-
isting group LASSO’s guarantees for static (or non-dynamical)
systems [6], [29] to the dyr/l\amical systems with delay d > 0.

Recall that the estimate 3 in (10) is (Xo, U1, ..., U;,) With
u; = [4;[0],...,4;[N]]T. Forany S C {1,...,m}, we define
uglk] = [ts, [K],..., Us g [K]], for all k& > 0 and s; € S;
that is, we group the estimated inputs associated with the set
S. Define uf = [ﬁg[O]A, .., Ug[N]] and Bg = (X0, Us). For
S={j:uj#0}and S = {j:u; # 0}, we derive conditions
under which (i) S = S and (ii) || 8% 0.y —q) = Bs,0:nZapll2. < &
for any ¢ > 0, hold with high probability.

Assumption 3. (Identifiability and mutual incoherence con-
ditions [26]) Consider the following conditions:

(Al) Group normalization: There existsta constant C > 0 such
that O and J; in (7) satisfy the normalizdtion condition:

max {[|Oy, 1T1]lys - - o, [T s CVT < 00, (21)

(A2) Model indentifiability: The parameters ng in (16) and pg
in (17) are finite; and N > max{ngs, us} with d > ng.
Further, there exists aconstant c,,;,, > 0 such that

1l
(W&ngmgmm> 1

< 00, 22)

<
T =

Crmin

2
where W (n.q and W s 4_1.0) are given in Eq (18), and
o= - ‘I'S,[d—lzo]‘I'TG,[dqzo]]'

(A3) Mutual incoherence: There exists some « € [0,1), re-
ferred to as “mutual incoherence” parameter, such that

MIC £ max HJJT\IJS(nglIIS)TH < a/m*. (23)
jeSe 2
Assumptions (A1) and the bound in (22) hold for stable and
asymptotically unstable systems® if N < oo. However, these
assumptions hold only for stable systems if N — oo. Further,
as discussed in Section III, we need the requirement on N, pg

2 At least one of the eigenvalues of A lie outside the complex unit circle

and ng in Assumption (A2) to ensure that the initial state and
the input associated with the source set S are identifiable. In
light of Lemma 2, this requirement is satisfied if (A,Bg, C)
has no invariant zeros and that nRankZg = n + m*. Finally,
the constants C' and ¢, do not depend on the horizon N. They
capture the inherent complexity in estimating the unknown
parameters and play a vital role in the true support recovery.

Assumption (A3) is satisfied if g and J; are orthogonal
(J]T\IIS = 0, for all j € S¢). Orthogonality is restrictive as
number of inputs can be more than outputs, or any column
of Bg in (3) can be a linear combination of b, for j € S°.
Nonetheless, (A3) imposes a type of “approximate” orthog-
onality between J;, where j € 5S¢ and Wg."We quantify
this approximation using the parameter o/ The ¢5-norm bound
in (23) could be conservative as thesbound depends on m*.
This dependence can be avoided by working with the ¢;-norm
bound; that is, max;ege JJT‘IIS(\IlglIIS)T
we stick with (23) as it is useful(te derive an upper bound on
MIC in (23) using the system transfer function. In simulations,
we study the conservatismyincurred due to £5-norm based MIC.

< a. However,

Theorem 4. (Location recovery consistency) Suppose that the
linear model in_(11) satisfies assumptions (Al)-(A3) with S =
{1,... %} For\some 6 > 0 and c¢; = log(5), let

Ny V32Co {\/(N+1)01+10g(m—m*) 5}’ o

11—« T +§

Then, with probability at least 1 — 4 exp(—T6%/2) we have

(@) (Non-unique): There are infinitely many solutions of (10).

(b) (No false inclusion): The support set of any estimate 3
lies in the true support set; that is, S C S.

(¢) ({so bounds): The delayed inputs satisfy the bound:
maXjes ||aj,[O:N7d]_u;‘:[():N,d] Hoo < gmin()\Ta ‘I’)) where

o 2log((N —d + 1)m*)
omim {\/ T ”}

gmin()\Ta \Il) =

and HS,[O:N—d] = [Otan Its Otsxdm*]) Where tS =

(N —d+1)m*, satisfies Ilg jo.n—a)Bs = ug 0N —d]"
(d) (Minimum input magnitude and no false exc}ugon): If

minjeg ||u;f7[0:N_d]HOO > gmin(Ar, ¥), we have S = S.

Corollary 5. Let 357[0:1\,_(1] = (X0, Ug,[0:N—q)) and similarly
define B (o.n—_q- Suppose that [(BE®s/T) 2 < 1/Cmin:

Under the assumptions stated in Theorem 4, with probability
at least 1—exp(—32T/2), we have

Hﬁgv[O:N—d] - BS,[O:N_d] H2 <

2 2 +t Arvm*
7 antits) U, Arvm® (26)
m T Cmin
Proof. See Appendix. O

We use the primal-dual witness technique [26], [29], [30]
to prove Theorem 4. The details of this technique are in Ap-
pendix. The location recovery consistency results in Theorem



4 in the literature are referred to as support recovery, here the
support means the indices of non-zero u; which is S. Below
we comment on the scaling laws of Theorem 4.

Part (a) in Theorem 4 states that the group LASSO estimate
(3 is non-unique unless the sub-system realized by (A, Bg, C)
has zero delay. This is because, for N > d > 0, the sub-matrix
W (n:.q in (18) has full rank, but not ¥s. However, Part (b)
in Theorem 4 states that S C S, for any optimal estimate 3 in
(10). Thus, the estimated inputs restricted to the complement
set are zero: ﬁjc = 0, for all j € S¢. Thus, the non-uniqueness
of the optimal solution does not effect the location consistency
of the group LASSO estimator.

Part (d) in Theorem 4 (d)—a consequence of the /., norm
bound in part (b)—says that for S = .S to hold (i.e., to detect
true inputs correctly) , the true non-zero input signal strength
should not be too small, precisely, smaller than 3,,;,, in (25).
The probabilistic result in Theorem 4 also helps determine
the number of measurements (/N) or sensors (p) required to
achieve certain amount of performance. Let us simplify Ay in
(24) to comment on its scaling. By substituting 7' = p(N +1)
and assuming that log(m — m*)/(N + 1)>c;, we have

AT0< log(m — m*) 5).

p(N +1) + 2

For N = 1, Ay =~ O(y/log(m — m*)/p), which is the optimal
Ar for the standard LASSO problem [26]. Thus, ¢; (N + 1)
in (24) quantifies the number of unknowns in u ,and NV + 1
in T' accounts for the number of measurements per sensor.

The choice of A plays an important role in determining,if
Theorem 4 (c) (that is, S = S) holds. In fact, the smaller
the Ap, the smaller the minimum threshold gmin(A7, ¥).
Interestingly, for A = 0, which happens, say, when«o = 0, the
optimization problem in (10) reduces to the.standard ordinary
least squares (OLS) problem. Thus, there issne shrinkage of
input estimates toward zero. Further, Ay, does not depend on
Cmin 10 (22) but depends on the group normalization constant
C in (21) and the mutual incoherence parameter « in (23).

To study the role of the minimum singular value of ¥g,
denoted by pmin(Ps), on gmn(Ap, ¥), we assume that Ug
has full rank. Then from theStandard norm bounds, we have

)\TT\/i )\TT
pmln(\I’S) \/@prznin(‘:[ls)7
where r; isthe first term on the right side of the equality in
(25) and ko = (IN+ 1)m* is the dimension of u}. For fixed
C (defined in (21)) and ko, from the preceding inequality,
it is clear that larger 02, (¥g) requires smaller gmin(A7, ¥)
because the effective signal strength of ¥ guy is large. Instead,
smaller 02, (¥g) requires higher gmin(A7, ¥), requiring uk
to be large. If not, the strength of Wgug decreases. Finally,
from (24), we observe that Ay is an increasing function of
a € [0, 1); thus, higher the « larger is the gmin(Ar, ¥). Recall
that o is large if J;, for j € S¢, is highly correlated with Wg.
We now comment on the £3-error bound between 3 [0:N—d]

27)

K1+ 2 gmin(A7, ¥) > K1 +

and 3 s,0:N—q) given in Corollary 5. First, the bound depends
on the number of unknown parameters n+ts = n+ (N —d+
1)m*, i.e., the dimension of the initial state and delayed input.
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Letting T = p(N + 1) > n, we observe that the first term
of the bound in (26) scales as O((20/\/Cmin)(\/Mm* /P + 0))
Thus, more sensors result in less error. However, the bound is
loose for large values of A\p. To remedy this shortcoming, we
consider the following OLS estimate:

~(OLS)
£ Hs [0:N— d](‘I’T’S‘Y)a

5§,[0:N—d] (28)

where f[g 0:N—d is defined similar to HS,O;N_d in (19). We
present the second main result of this section: an oracle bound

on the error ||B jo.n—q — B

5,j0:N— d]||2

Theorem 6. ({>-consistency: oracle bounds) Suppose that the
hypotheses in Theorem 4 hold. Then, for_any é,d; > 0, with
probability at least 1 — 4exp(—T6%/2) = &y,

< 4o { (n+ts)}
«\/Cmin T

20 1 1
—1 — 29
Qe [res(H)) o
The proof is in, Appendix. Similar to the bound in Corollary

5, the first term in(29) is O((20/+/Cmin)\/™m*/p); however,

the second term in (29) does not depend on Ap and it
approaches.zero'as 7' — oco. Thus, the overall error is dictated
by m™*/p. We call the bound in (29) as the oracle because the

~(OLS
bound holds for 5(5,[0: 1\;7 4)> albeit with probability 1 — ;.

(OLS)
Bs. (0:N—d]

Hﬁg,[O:Nd]

A.) Mutual Incoherence: Frequency Domain

Thus far we discussed the location recovery- and estimation-
consistency of the group LASSO estimator in (10) assuming
that assumptions in (A1)-(A3) hold of which the first two are
satisfied by stable dynamical systems with (A, Bg, C) having
no invariant zeros®. However, (A3) might not hold for arbitrary
systems, and moreover, verifying (23) can be computationally
demanding when either N (the measurement horizon) or n
(dimension of system matrix A) is large. In what follows, we
bound max;ege J]T-\IIS(\IIE\IIS)THQ in (23) using a quantity
that depends on the transfer function matrices associated with
(A,Bg,C) and (A, bj, C), for j € S°. The advantage is that
this upper bound can computed efficiently, as it depends only
on the lower dimensional system matrices but not on V.

To simplify the exposition, we let xg = 0; thus, ¥g = Jg.
Let Gs[z] = C(zI,, — A)"'Bg; Gse[2] = C(21,, — A)"'Bge;
and G;[z] = C(2L, — A)~'b;, where j € S¢ and Bg. is the
matrix composed of columns b; with j € S¢.

Theorem 7. Assumption (A3) holds if nRankZg =n+m"* and

< <1 30
max max (|65 (G5 Al < a/m (30)
Proof. See Appendix. O

We refer to the expression in (30) as the frequency domain
mutual incoherence condition. To verify Assumption (A3), we
need to check if the worst case gain of the matrix G [2]G;[2]
is bounded above by «/m*; see Fig. 1. If computing (30) is

3Systems having invariant zeros lie in a zero measure set [28].
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Fig. 1. Illustration of Theorem 7 for systems generated using MATLAB. The
number of sources m = 10. In both panels, the y-axis, F"Dyyc — T Dwmic,
is the error between frequency- and time-domain MIC. (Left panel) We fix
n = 20 and plot F' Dyjc — T Dy for several values of m*. (Right panel)
For a large matrix A, we fix m* and p, and plot F Dyyc — T' Dy for
several values of n. In both panels, the error is positive and is monotone in
N implying that F'Dyc > T Dye, as predicted by Theorem 7.

prohibitive for each j € S¢, we can use the weaker condition:
max(.cciz|=1} |94 [29s¢[2]||, < a/m* < 1. To appreciate
the condition in (30), take the Z-transform of system in (3)-(4)

v[z] = Gs[z]us[z] + Z Gilzlu;lz], Vz ¢ spec(A).
jese
By pre-multiplying the above identity with G [z], we have
GEElyl] = = usle] + X, s G2 210, 2], (2], where we
used the fact that the Gg[z] 1s d delay invertible, and hence,
G&12]Gs[2] = I Thus to recover ug|[z] accurately, the gain
G&[2]G; (2] |l2 or ||G&[2]Gs[2]]|2 needs to be small.

We highlight three cases where (30) holds: (i) R(Gs 2] &
RL(GL[2]) = RE(GL[2]); that is, the columns of Gselz] lie
in the left nullspace of Gg[z]; (i) G[z] = [Gs[z] G§e|z]] is all-
pass*; and (iii) each column of Gg[2] is a scaled.column of
Gslz] for some scaling factor o € [0, 1). The first'two cases
are rather strong and do not allow columns of-Gs-[z] to be in
the range space of Gg|z|. Instead, (iii)‘models another extreme
where the range spaces of Gg[z] and Ggcz| are aligned with
each. The latter case in the compressed sensing literature is
referred to as overcomplete dictionaries [31].

Our results extend to System in _(3)-(4) driven by process
noise (for e.g., in the power system, the noise is load fluctua-
tions); see our extended.paper [32, Section IV.A.] for details.

V. SIMULATIONS

We illustrate theperformance of the group LASSO estimator
on a large-scale, power network and a random system. The
following proposition states that the unknown input and initial
state can be estimated in two stages. Consequently, we use off-
the-shelf ADMM [10] to estimate the input first and then use
this estimate to compute the initial state.

Proposition 8. Suppose that system in (3)-(4) is observable.
The optimization problem (10) is equivalent to

~ o1 2 -
i = argmin o | R(y — w3 + Ar 3 Jwjlly, (31

uerR™

Xo = OT(Y - Jﬁ)v

j=1

(32)

A real rational transfer function matrix G[z] is all-pass if G[2]G[1/z] = L.

where Of = (0TO)~'OT and R =1- OO".

The proof follows from the KKT conditions in (33)-(34).
The inputs to the ADMM [10] are (A, B, C), the measurement
y, and Ar > 0. The two-stage estimation method is one way
to implement the group LASSO numerically. One may use
other numerical algorithms to estimate (xj, u*) in one shot.

We evaluate the group LASSO estimator’s localization per-
formance using the false-positive rate (FPR):= [S° N S|/]S¢],
the false-negative rate (FNR):= |S N S¢|/|S|, and the exact
recovery rate (ERR):= (|SNS|+|5¢NS¢|)/m. Thus, the FPR
and FNR measure the proportion of inputs falsely identified
and left out. Instead, we quantify the estimation performance
using the metrics: [|x§ — Xoll2/]|x5]l2 and.|[w*,~ a|l2/|u2.
For the test cases below, the results are averaged over 50 runs.

(Power system) We apply our estimator in (31) to localize
the sources of forced oscillatorysinputs in the IEEE 68 bus
system 16 machine system{(see Fig.2). Each machine (or gen-
erator) consists of ten states, including rotor angle, speed, and
the states of the AVR (automatic voltage regulator) and PSS.
We model FOs as inputs injected by the AVRs and use bus
voltage magnitudes as measurements. For the sampling time
ot = 0.1, we.obtained the system matrices A € R!60x160
B ¢ R#O<16 “and C € RPX'60 where p < 68, using
the Power»System Toolbox [33]. Among m = 16 possible
inputs, we'assume m* = 3 with the following inputs: uj[k] =
0°58in[(27 f6t) k] + w(k], ug[k] = 0.6sin[(27 fdt) k] + w[k],
and uj4[k] = 0.7 sin[(27 f5t) k] +w[k], where f = 1.5U(0,1)
and-w[k] ~ N(0,0.05%). We set p = 4 and choose sensor
locations arbitrarily with the only exception that these are non-
collocated with inputs (shown in Fig. 2). Let xg = 0 (the
non-zero case is considered in the subsequent case). Finally,
we let N = 100 and the noise variance o2 = 0.01.

In Fig. 3, we plot the FPR, FNR, and ERR with respect
to Ap. As expected, the FNR increases with A whereas the
FPR decreases with A\, although not monotonically. From the
bottom left panel, we can infer that values of Ay € (0.3, 0.4)
yield maximum ERR. In the bottom right panel, note that for
Ar = 0.288, the group LASSO estimator accurately localized
inputs among 40 out of 50 runs. In Fig. 4, for a measurement
realization where the group LASSO estimator identified true
locations, we plot the inputs estimated by the group LASSO
and the reduced model based OLS estimators.

(Large-scale random system) Following [22], we generate
matrices as follows: A;; > N'(0,1/n); Cy; % N(0,1); and
BT = [I], 0T]. Welet xg ~ A(0,1,,) and the measurement
noise variance parameter ¢ = 0.01. We set n = 50, m = 30,
and m* = 5. The active set S = {1,2,3,4,5} and w;[k] is
sampled uniformly on [—2, 2], for all j € S and k € [N]. The
sensors measures the first p(< n) states. In Fig. 5, for p = 15,
we plot the average estimation error metrics as a function of
the measurement horizon (V). In both the panels, estimation
errors remain uniform across N because the number of (to be
estimated) inputs also increase with N. Given the relation in
(32), the estimation error of x{ is slightly higher than that of
the unknown input. Finally, for greater estimation accuracy,
one can always use the reduced model-based OLS estimator.

In Fig. 6 we show the average mutual incoherence in (23)



Fig. 2. IEEE 16 machine 68 bus system [34]. Circles, arrows, and curly
windings, respectively, denote generator buses, load buses, and transformers.
The FO input enters through set points of AVRs associated with the generators
at buses {1, 6,13} (red circles). Sensors are located at buses {8, 34, 50, 56}.
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Fig. 3. Group LASSO’s performance on IEEE 16 machine 68 bus system:
False negative rate (FNR), false positive rate (FPR), exact recovery rate (ERR),
and the number of runs out of the 50 independent/runs in which the group
LASSO exactly recovered the support.

as a function of p for xo = 0 and % %04 We computed both
¢1- and l5-norm based MICS. As gpointed out in Section IV,
and confirmed by our plots insthe left panel of Fig. 6, {5-norm
based MIC assumption is_stronger than the ¢;-norm. Further,
when xg = 0, the MIClis satisfied (that is, less than one) for
as few as p = 6 sensors. Instead, when xy # 0, we need at
least p = 18 sensors torensure that MIC is less than one.

VI. CONCLUSION

We have studied a group LASSO estimator for localizing
the sparse set of sources of forced inputs and estimating these
inputs along with the initial state in d-delay left invertible
linear dynamical systems. Under certain natural conditions, we
showed that our estimator is well defined, and the underlying
estimate is non-unique for d > 0. However, with high prob-
ability, we showed that the support of any optimal estimate
recovers the true sparse set if (i) the subsystem associated
with the sparse set of inputs has no invariant zeros, and (ii)
the observability and impulse response matrices of the overall
system satisfy a mutual-incoherence type condition. In doing
so, we have extended the existing theory of the group LASSO
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Fig. 4. FO inputs recovered by.the group LASSO and OLS estimators. We
used (28) to compute the OLS estimate using the locations recovered by the
group LASSO. (Left panel) As predicted by Theorem 6, the OLS provides a
better estimate than the LASSO estimator. (Right panel) zoomed plot of the
group LASSO estimate.
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Fig. 5. Estimation error. Left panel: unknown inputs. Right panel: initial state.
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Fig. 6. Mutual incoherence as a function of number of sensors.

estimator for static regression models to the models generated
by linear dynamical systems. Another key contribution in our
paper is that we derived a connection between the time-
and frequency-domain mutual incoherence conditions. The
former imposes certain restrictions on the column space of
the impulse response matrix; instead, the latter does so on the
column space of the transfer function matrix. Furthermore,
the frequency-domain condition is computationally easier to
verify than its time-domain counterpart. Importantly, it pro-
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vides insight into the structural aspects of transfer matrices
associated with the zero and non-zero inputs. Finally, we have
validated the performance of the proposed on the IEEE 68-bus,
16-machine power system, and a large-scale synthetic model.

VII. APPENDIX
A. KKT conditions and PDW Construction

Proposition 9. (Karush-Kuhn-Tucker (KKT) conditions) A
necessary and sufficient condition for (Xo,1), with ' =

[@f,...,a'], to be a solution of (10) is
ffo [y — OXOfZJ u;]=0 (33)
j=1
1 . N - .
—TJZ-T[y —0%)— > Jil;]+ArZ; =0  (34)

j=1

forall j€{1,...,
that is, Zj; = 0 /|[W;l, if U; # 0, else Z; € {q: [lall, < 1}.
The proof follows by taking the derivative of the objective
function in (10) with respect to (Xp,u) and using the sub-

gradient characterization of the || ||2-norm (see [35, Appendix
B]). Without loss of generality let S = {1,...,m*} and S¢ =

{m* +1,...,m}. Let ui[k] = [Q1[k]..., Uy~ [K]], for all
k € {0,. N} where u;[k| is the k-th entry of u;. Define
A% = [a5[0],...., A%[N]). Thus,

[Gf,...,4,,.]" = Pis, (35)

for some permutation matrix P. Further, we can verify_that

[Ji...,Jm P =Jg (as in (12)). Let BS £ [xJ uf]T Then;
O%o + Y J,ii; = Usfs. (36)
JjES
Let jsu =[Jm*+1,---,Jm]. Then, (33)-(34).can be written as
m 0
1w} - .
T LT } [y = O%o = > J50;] 47 =191, G7
Se j=1 0
where z§, = [2],...,2) .], andzl¢ = [Z) . 1,...,2, ]

Primal-dual witness (PDW) construction: We prove Theo-
rems 6 and 4 using the PPW method 3 in [30]. Upon successful
completion, this methed returns a pair (3,z) that is primal-
dual optimal, and it"act as a witness (or certificate) for the fact
that the group LASSO estimate has the true support.

(a) Set u; =0, forall j € S°.

(b) Let (Xg, Uy .., Uy~ ) be the solution of the sub-problem:

* 2 *
m m

min o7 y_OXO_ZJjuj +/\TZ||UJ‘||2~ (38)
g, =1 ) =1
Choose the sub-gradient Zg = [z],...,Z,} .]T such that

1 T ~ m* ~ 0
-] |y = O%0 = 37, 3585 ] + Ar {PTES] —0.
(39)

5The PDW construction is not an algorithm for solving (10): This is because
to solve the problem in step (b) of PDW, we need to know S. However, PDW
construction helps to prove theoretical results for the LASSO type problems.

(c) Solve Zge = [2) . ,1,...,2)]" using (37), and check if
IIzj]l2 <1, forall j € S¢={m*+1,...,m}.

By construction, (Xo,U;...,Um~), Zs, and Zge that we
determined in steps (a), and (b) satisfy conditions in (37). The
PDW construction is said to be successful if Zg. satisfies the
strict dual feasibility condition: ||z;|| < 1, for all j € S°.

For the estimate in (38), define

//B\PDW = ()?071317 BERE) ﬁ771"70(N—',-1)7 B 0(N+l)) (40)

m—m*

Lemma 10. Suppose that the PDW construction succeeds.
Then, B = Bppw is an optimal solution of (10).

Proof. We adapt the method in [30, LemnAla 7.23]. Let d > 0.
Because the PDW construction succeeds; Bppyw i an optimal
solution of (10) satisfying the conditions,in Proposition 9.
Let u” = [x],u],...,ul] and B(u) £ ;5|ly — Oxo +
Sty g3 Let VF(u), be thevgradient of F(u) at u.
Then, for any other optimalisolution u of (10), we must
have F() + Arz" 0 =k (W)t Ar D7 [[05]l2, where 27 =
[2),2],...,2} ] is the subgradient and we used the fact that
Sy Ejﬁj = Y2~ plljfl2. The latter holds which holds be-
cause u; = 0 for 7€ S° and z; = u;/[|u,||, for j € S. Thus,
F(8) —Ar2h(i- 1) = F(8) + Ar 20, [z — AT
Instead, from (33)-(34), we have Arz = —VF(u). Thus,

W) = Ar() Iluyll: —2").
j=1

By convexity of F', F(4)+VF ()" (u—1)—F(u) < 0. Thus,
Sl < 2'a = YTz u;, where Zp = 0. Since
m ~T~ m ~ ~ m ~
Sz < 3 |IZ eyl < 30T ([U]le. we have
Z;:1 ;2 = Z;ﬂ 1AJT~ Further, because [|z;]|2 < 1, this
equality holds only if u; = O for all j € S¢. To see this note
that 3570 ) 270, =37, g ) 5 + 37 c g [12)]12/|2 cos(6;),
where 6; is the angle between z; and Uy, and [z |2 cos(6;) €
(=1,1). Thus, all optimal ,8 s satisfy 8; = 0 for j € S¢. [J

P@) + VF(@)T (@ - a) -

B. Proofs of Theorems and Corollaries in Section 1V

Proof of Theorem 4: Suppose the PDW construction succeeds.
The proof of part (a) is given in Lemma 10. Further, in view of
Lemma 10, 3 = Bppw is an optimal solution of (10). Thus,
all the optimal input vectors are supported on the set S, i.e.,
S C S, where S = {j : U; # 0}; thus, part (b) holds.

We show that the PDW construction succeeds with proba-
bility at least 1 — 2 exp(—7'6%/2) by showing that ||Z;[]> < 1,
for all j € S°. Here, Z; is determined in the step (c) of PDW
construction. Let B g be as in (36). By substituting y (given
in (11)) and uge = 0 in (37), we obtain

Wiy WiJs| [B% - Bs L L]
JEC'IIS JSCJSC 0 T
Using the second block equation of (41), solve for Zg. as

+I7T. <AZT> . (42)

1

\I:T W

Zge =JL.Ug Bs)

7 (Bs —




where we used the fact ¥ g = \I’S\IITSlIIS. On the other hand,
from the top block equation in (41), we have

1 o1 0
T‘II-IS—"I’S(ﬁS — ,65) + ?‘I]SV = AT |:PT/Z\S:| . (43)

Pre-multiply both s1des of the equality in (43) with (‘IITlIIS)
and use the identity ‘IIS = (\IIT\IIS)T\II (see [36]) to get:

A 0
WLWs(Bs — Bs) = —Whv + TAp (L Ts)' [PTEJ -4

LetTg = [I— ('I’S\IITS)} By substituting (44) in the first term
of the second equality in (42), we can simplify zg. as

—~ =~ 0 v
Zge = 5 ()T [PTEJ +JL.Ig <A T) (45)
where we used the fact (‘III;)T = Wg(PLWs)!. Thus,
~ 0 v . c
z; =J](®L)T {PTES] +JTs <A T> Vj € S°.
(46)

By the sub-multiplicative property of norms, for any j € S¢,

TwpiyT| 9 < T gt Y
[T (o] < o T () 7 2
« ~
< L IPTasl < L Yl <o
jeS

where o < 11is given in (23) and we used the fact that ||Z; || <
1 (see Proposition 9), for j € .S, and ||PT||2 < 1. As a result,
from (46) and the preceding inequality, we have

I [ Y
! S<)‘TT) 2

On the other hand, in light of Lemma 11, with the probability
of at least 1 —2exp(—62T/2), we have || JJR§(v/ArT) |2 <
0.5(1 — ), for § > 0 and j € S°. Thusymax;ese [|Z;]]2 < 1,
establishing the strict dual feasibility,condition.

Part (c): From Assumption (A2) and Proposition 1, we have

max ||Z; |2 < a + max @7
5 c ]ESC

LW, = Blkdiag(Tn, Ly Bhy 10 ¥sa-1:0),  (48)
where tg = (N — d + J)m*. Thus, we have
=M on-a T5s(85 — Bs), (49)

[Otsxn Its Ots ><dm*] and

X ~
Ug [0:N—d) — US,[0: N=d]

where ILg jg:.v g =

x4 — ﬁo
Bs—Bs=| Wspn—a — Uso:N-d (50)
UG (N—dt1:0] U, [N —dt1:0]
From (49) and (44), it now follows that
[0 0.n— g~ s ov—aloo < 15 f0.v—a) ®5viio
|| Mo -a (®52s/D)| . 6D

where we used the fact ||Zg||sc < 1. The second term is deter-
ministic. Instead, the first term is random, and, from Lemma
12, it is upper bounded by o //Cmin(1/2log(ts)/T + 6) with
probability at least 1 — 2 exp(—7'62/2). Finally, the left-hand
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side of (51) equals max;es [|u] [O:Nid]_ﬁj,[O:Nfd] ||oo. Putting
the pieces together, we have the inequality in (25).

Part (d): By the triangle inequality, for all j € S, we have
05 0:8—aplloe = 0 j0:v—g) = Wjifo:v—d) + Wjifo:n—a) o
< fio.v—a) — Wipo:n—dlloo + [0j:50:N—a) [l o

(@) -
< gmin(ATa \I’) + Huj:[O:Nfd]”OO’

where (i) follows from part (c). Thus, [[U.j0.n—q)llcc > O if
||u;:[0: N—d] lloo > gmin(Ar, ¥). This observation together with
SCSin part (a) implies that S=25.

Finally, the probability stated in the theorem is obtained by
taking the union bound of the event_whete the dual feasibility
holds and the event where ¢, bounds;bold.” O
Proof of Corollary 5: First, let us recall that IIg o.n_q =
Mntts O(ntts)xdm=]- By proceéding similar to the steps out-
line in the proof of Theoremy4 (d), we get

X6_§0 I1 i * 3
p a =g jon-aq¥sPs(Bs — Bs)-
[uS,[O:N—d]uS,[O:N—d] il W s (B g
'Bgr[OZN—d]_IBS,[O:N—d]

Substituting this identity in (44) and followed by an applica-
tion of triangle inequality yields us
185 j0:N—a) — Bs,jo:n—apll2 < ITLs jo.n—a LV

~ 0
+ A7 | Hsjon—q(T5Ts/T) [PTEJ H2 (52)

Using the facts that ||Zs |l =/[Z1]3 + - - - + [|Zm= |3 < Vm*,
and P and 1:[57[0: N—q) are permutation and selection matrices,
respectively, the second term in (52) can be bounded above as
Ar||(®E® s /T)t|2v/m*. By the hypothesis in the statement
of the corollary, Ar|[(¥ LW /T |lav/m* < Arv/m™/ (Cmin).

We bound the first term in the upper bound in (52). Slnce
v = N(0,0°T), we conclude that > = 02HS(lIIS\IIS)THS
is the covariance of IT S,[0:N— d]lIl gV. On the other hand, from
Assumption (A2), |Z||> < 02/(Tmin). Thus, by setting ¢ =
2(0/\/Cmin)(\/2c1(n+t5)/T + 6) in the first concentration
result in Lemma 13, we have ||I:IS7[0:N_d}\I!TSV||2 < t with
probability at least 1 — exp(—4§27/2). The result in Corollary
5 follows by adding the upper bounds derived above. O

Proof of Theorem 6: From Theorem 4, S = S holds with
probability at least 1 — 4 exp(—T'6%/2). Thus, from (28), with
the same probability, we have

(OLS)

~(OLS)
55 [0:N—d] =

=Bso:N-a = (53)

ﬁS,[O:Nfd]‘I’j.gy’
where ILg 2 HS,[O:N—d] = [Lntts Ongts)xdm=]- Since y ~
N (P58, 0%1), from (53) and (19), we have

(OLS) . ; . i
E[Bg, o:n—a) = s o.n-a(¥s¥s)Bs = B jo.n—q (54

~ ~T
Let T 2 o2TI5(PLWg) I € R* s <n+ts  Then,

~(OLS)

Bs,j0:n—d — B3 j0:n—q ~ N(0,X). (55)
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We now upper bound ||X||2. Recall from (18) and Proposi-
tion 1 (ii) that ¥ g = [‘I’S,[N:d] ‘I’S,[d—lzo]] and R(‘I’S,[N:d]) N
R(¥s,4—1:0]) = {0}. Then, from [27, Lemma D], we have

ﬁs(‘I’g‘I’S)Tﬁ; =[(O¥g n.g) (OFsn.qg)lT,  (56)

where ©® = @2 = [I — ¥y Jd—1:0F S[d 10]] On the other
hand, from Assumption (A2), we have ||X||, < 02/(TCmin)-
Thu,s from the second concentration result in Lemma 13,

. ~(OLS) 4o (n+ts)
Bs,j0:N—d] — Bs,j0:N—d] 2§ o T
20 1 1
— 1 — 57
+\/Cmin{ T0g<51>}’ o7

with probability at least 1 — d; for 61(0, 1). The statement of
the theorem follows by taking an union bound over the events
where (57) and (53) hold. O

Proof of Theorem 7: Consider the auxiliary system x[k +
1] = Ax[k] + bju}[k], wherej € 5S¢ and u]* [k] =0, k> N.
Let x[0] = 0. Thus, y = J;uj, where J; is given by (7) and
y and u as in (6). Let \IIS be as in (11) and consider

ylo] y|[0] u?[0]
Clawl | | =elau = el
y[N] u$[N]

J

: ; (58)
y[N]
By assumption we have nRankZg = n + m™*. Thus, for
all z ¢ spec(A), Gs[z] has full column rank and G [2]
[Gs[2]TGs[2]] 7 1Gs[2]" and G [2]Gs[z] = 2 9I; see [9, The-
orem 1]. Let y[z] be the Z-transform of {y[k]|}72,. Then by
using the construction given in [37, pp. 49-50] and the unique-
ness of pseudo inverse [27], we have y[z] = z%%H[2]u;[z],
where H;[z] = GZ[2]G;[2], for all z & spe¢(A).
On the one hand from Parsevel’s theorem; we have

> 19 = \/27r ™

1 (7 N . .
= \/27r | @5l e

. 1 4 .
<. sup IH'[GW}Hz\// |usler][3dw
{we[=m, 7]} ’ 2m Jp J
= wsup [ H;[2]ll2]lufl2 (59)
(zeCizl=1}

For the last inequality, we used Parsevel’s theorem and u™* [k]
0, for £k > N. On the other hand, from (58) and (59), we have

1wLIsle = sup [ ®LI;uifo = sup

[lajll2=1 llujll2=1

oo
< sup (DY CIFEIBS  sup [[H[e] e
lusllz=1 \| 1o {z€C:|z|=1}

Thus maxyjege} Sup{zec| |=1} ||H[ ]||2 < a/m lmplles that

H\IlT Jill2 < o/m*. The proof is now complete. O

C. Auxiliary lemmata

Lemma 11. With the notation and assumptions in Theorem
4, we have Pmax;cge JJTI‘S (v/)\TT)H2 >05(1—-a) <
2exp(—T42%/2), where I‘S:[I—\IIS\IIL] and § > 0.

Proof. Let & = 0.5(1 — «), with « € [0,1). Consider
T v ~
T >
s ()], 2
< T
vl ()l

jeSse
Because v ~ N(0, 0%1), it follows that JjBs (v/ArT) ~
N(0,%;) with 5; = JTTsT'g JJ/()\2 T2). Furthermore
7‘ iy c?T
\2. T2 )\2 T2 /\QTT2 '
The first inequality follows because I's is a projection matrix

and for the last inequality from the normalization assumption
(A1). Invoking Lemma 13} we bound the inequality in (60) as

aG2)2
T V. AT
> e lpes (Rie] = X over ()
jese jese
where cpy.=6Vh!. The right side term can be simplified as
a?)\aT
N +1)1 1 —m") — —— 2
(Y + 1) 10g(®) + log(m —m") ~ T5E2) @)

Substituting Ar (see (24)) and @ = 0.5(1 — «) in (62), and
simplifying it gives us the required bound. O

P [max
jeS*®

&] . (60)

12512 = JITs|3 < N3 < (61)

Lemma 12. With the notation and assumptions stated in
Theorem 4, for § € [0,1), we have P[HHS,[O:Nfd]‘I’TSVHoo >
0/\/Cmin(\/210g(ts) /T + 8)] < 2exp(—16%/2).

Proof. Let e; is the [*" standard basis vector in R's, and
ts = (N —d + 1)m*. Define a; = elTHS’[OzN,d]‘IIEV to be
the I*" entry of HS}[O:N,d]\Ilgv. Then, because Ilg 0. —q] =
[0t5xn Lig Osgxam+], it follows that [|TIg o.n— g PLV|oo =

maxjei...+s |ar|. Thus, for any x > 0, we have the bound:
ts

jar| > 5] < Plla| > #].
=1

(63)

P[ max
{lel...ts}
We bound terms on the right-hand side by invoking standard
concentration results. For compactness, let ILs, = Ilg jo.n_q)-
Because v ~ N (0, 0%I), we have a; ~ N(0,07), where

o} = 0%e] g Wi (Mg W) Te; < 02 Aoy (Mg W L (M wi)T)
= 02| T (T LW g) TIL |,

< 0| TLs(W W) T 2
< 02/(Tcmin)- (64)

where TIg = Lntts O(ntts)xam=). The second inequality
follows from interlacing property of singular values. The final
inequality is showed in the proof of Theorem 6.

Since a; is Gaussian, from [30, page 22] and (64), we have
Pllzi] > k] < exp(—r%/(207)) < exp(—K*Tcmin/(207)).
Substituting this inequality in (65), we find that

2 .
(log(ts) “TC“‘“) . (69)

P[ max |z| > k] < exp 52
o

lel...ts



The result follows by letting £ = ¢//Cmin (/2 10g(ts)/T+9)
and simplifying terms in the exponential term. O

Lemma 13. Let p ~ N(0,%), where ¥ € R is a positive
definite matrix. Then, P[||pllz2 > t] < 5'exp(—t2/(8]|Z||2)).

Furthermore, ||pll2 < 4/ X2l + 2/ ||X]|2log(1/0) with
probability at least 1 — ¢ for 6 € (0,1).

Proof. Follows from Lemma 8.2 and Theorem 8.3 in [38]. [

REFERENCES

[1] M. Ghorbaniparvar. Survey on forced oscillations in power system.
Journal of Modern Power Systems & Clean Energy, 5(5):671-682, 2017.

[2] B. Wang and K. Sun. Location methods of oscillation sources in power
systems: a survey. Journal of Modern Power Systems & Clean Energy,
5(2):151-159, 2017.

[3] T. Huang. et al. A synchrophasor data-driven method for forced
oscillation localization under resonance conditions. [EEE Transactions
on Power Systems, 35(5):3927-3939, 2020.

[4] S. C. Chevalier, V. Petr, and K. Turitsyn. Using effective generator
impedance for forced oscillation source location. /EEE Transactions on
Power Systems, 33(6):6264-6277, 2018.

[5] S. Maslennikov, B. Wang, Q. Zhang, F. Ma, X. Luo, K. Sun, and
E. Litvinov. A test cases library for methods locating the sources of
sustained oscillations. In 2016 IEEE Power and Energy Society General
Meeting, pages 1-5. 2016.

[6] K. Lounici, M. Pontil, S. Van De Geer, and A. B. Tsybakov. Oracle
inequalities and optimal inference under group sparsity. The Annals of
Statistics, 39(4):2164 — 2204, 2011.

[71 N. Simon and R. Tibshirani. Standardization and the group LASSO
penalty. Statistica Sinica, 22(3):983-1001, 2012.

[8] Lukas Meier, Sara Van De Geer, and Peter Biihlmann. The group
LASSO for logistic regression. Journal of the Royal Statistical Society:
Series B (Statistical Methodology), 70(1):53-71, 2008.

[9] S. Kirtikar, H. Palanthandalam-Madapusi, E. Zattoni, and D. S. Bem-

stein. /-delay input and initial-state reconstruction for discrete-time linear

systems. Circuits Syst Signal Process, 30:233-262, 2011.

S. Boyd et al. Distributed optimization and statistical learning wvia the

alternating direction method of multipliers. Foundations‘and Trends.in

Machine Learning, 3(1):1-122, 2011.

S. Chevalier, P. Vorobeyv, and K. Turitsyn. A Bayesian approach to forced

oscillation source location given uncertain generator parameters. /EEE

Transactions on Power Systems, 34(2):1641-1649,.2019.

U. Agrawal, J. W. Pierre, J. Follum, D.{Duan, D. Trudnowski, and

M. Donnelly. Locating the source of forced oscillations using PMU

measurements and system model information.\ In 2017 IEEE Power

Energy Society General Meeting, pages 1=5, 2017.

N. Zhou, M. Ghorbaniparvar, and S. Akhlaghi. Locating sources of

forced oscillations using transfer functions. In 2017 IEEE Power and

Energy Conference at IllinoisAPECI),pages 1-8, 2017.

Y. Meng, Z. Yu, N. Lu, and/D. Shi. Time series classification for

locating forced oscillation seurces. /EEE Transactions on Smart Grid,

12(2):1712-1721, 2021.

F. Pasqualetti, F. Dorfler, "and F. Bullo. Attack detection and identi-

fication in cyber-physical systems. [EEE Transactions on Automatic

Control, 58(11):2715-2729, 2013.

F. Dorfler, F, Pasqualetti, and F. Bullo. Continuous-time distributed

observers with discrete communication. IEEE Journal of Selected Topics

in Signal Processing, 7(2):296-304, 2013.

M. Luan, D. Gan, Z. Wang, and H. Xin. Application of unknown input

observers to locate forced oscillation source. International Transactions

on Electrical Energy Systems, 29(9), 2019.

H. Fawzi, P. Tabuada, and S. Diggavi. Secure estimation and control for

cyber-physical systems under adversarial attacks. IEEE Transactions on

Automatic Control, 59(6):1454-1467, 2014.

M. B. Wakin, B. M. Sanandaji, and T. L. Vincent. On the observability

of linear systems from random, compressive measurements. In 49th

IEEE Conference on Decision and Control, pages 4447-4454, 2010.

G. Joseph and C. R. Murthy. Measurement bounds for observability of

linear dynamical systems under sparsity constraints. /EEE Transactions

on Signal Processing, 67(8):1992-2006, 2019.

S. Sefati, N. J. Cowan, and R. Vidal. Linear systems with sparse inputs:

Observability and input recovery. In 2015 American Control Conference

(ACC), pages 5251-5257, 2015.

[10]

[11]

(12]

[13]

[14]

[15]

[16]

(17]

[18]

[19]

[20]

[21]

IEEE Transactions on Control of Network Systems, VOL. XX, NO. XX, XXXX 2022

[22] S. M. Fosson, F. Garin, S. Gracy, A. Y. Kibangou, and D. Swart. Input
and state estimation exploiting input sparsity. In 2019 18th European
Control Conference (ECC), pages 2344-2349, 2019.

S. Z. Yong, M. Zhu, and E. Frazzoli. A unified filter for simultaneous
input and state estimation of linear discrete-time stochastic systems.
Automatica, 63:321-329, 2016.

S. Sundaram and C.N. Hadjicostis. Distributed function calculation via
linear iterative strategies in the presence of malicious agents. [EEE
Transactions on Automatic Control, 56(7):1495-1508, 2011.

Y. C. Eldar, P. Kuppinger, and H. Bolcskei. Block-sparse signals:
Uncertainty relations and efficient recovery. I[EEE Transactions on
Signal Processing, 58(6):3042-3054, 2010.

M. J. Wainwright. Sharp thresholds for high-dimensional and noisy
sparsity recovery using ¢;-constrained quadratic programming (lasso).
IEEE Transactions on Information Theory, 55(5):2183-2202, 2009.

A. Ansari and D. S. Bernstein. Deadbeat unknown-input state estimation
and input reconstruction for linear discrete-time“systems: Automatica,
103:11-19, 2019.

B. D. O. Anderson and M. Deistler. (Propetties of zero-free spectral
matrices. IEEE Trans. on Automatic \Control, 54¢10):2365-2375, 2009.
H. Liu and J. Zhang. On the ¢1-£, regularized regression. Technical
report, Department of Statistics, Carnegie:Mellon University, 2009.

M. J. Wainwright. High-Dimensional Statistics: A Non-Asymptotic View-
point. Cambridge Series in_Statistical and Probabilistic Mathematics.
Cambridge University Press, 2019.

J. J. Fuchs. On sparse representations in arbitrary redundant bases. /[EEE
Transactions on Inforimation Theory, 50(6):1341-1344, 2004.

R. Anguluri, L. Sankar,yand O. Kosut. Localization and estimation
of unknown foreed inputs: A group LASSO approach. arXiv preprint
arXiv:2201.07907,:2022.

J. H. .€how and K. W. Cheung. A toolbox for power system dynamics
and’ control engineering education and research. IEEE Transactions on
Power/Systems, 7(4):1559-1564, 1992.

A. K:Singh et al. Report on the 68-bus, 16-machine system. IEEE PES
Task Force on Benchmark System for Stability Controls. Ver, 3, 2013.
A. Beck. First-order methods in optimization. SIAM, 2017.

A. Ben-Israel and T. N. E. Greville. Generalized Inverses: Theory and
Applications. New York: Springer-Verlag, 2003.

A. Ansari. Input and State Estimation for Discrete-Time Linear Sys-
tems with Application to Target Tracking and Fault Detection. PhD
dissertation, The University of Michigan, 2018.

A. Rinaldo. Advanced statistical theory, lecture 8, 2019.
http://www.stat.cmu.edu/~arinaldo/Teaching/36709/S19/Scribed_
Lectures/Feb21_Shenghao.pdf.

(23]

[24]

[25]

[26]

[27]

[28]
[29]

(30]

(31]

(32]

(33]

[34]

[35]
[36]

[37]

[38] “URL:

Rajasekhar Anguluri (Member, IEEE) received the B.Tech. degree in
electrical engineering from the National Institute of Technology Warangal,
India, in 2013, and both the M.S. degree in statistics and the Ph.D. degree in
mechanical engineering from the University of California at Riverside, CA,
USA, in 2019. He is currently a postdoctoral research scholar with the School
of Electrical, Computer, and Energy Engineering at Arizona State University,
Tempe, AZ, USA. His current research interests include high-dimensional
statistics, statistical signal processing, stochastic control, and power systems.

Lalitha Sankar (Senior Member, IEEE) received the bachelor’s degree from
the Indian Institute of Technology Bombay, Mumbai, India, the master’s
degree from the University of Maryland, College Park, MD, USA, and the
Doctorate degree from Rutgers University, New Brunswick, NJ, USA. She is
an Associate Professor with the School of Electrical, Computer, and Energy
Engineering, Arizona State University, Tempe, AZ, USA. She is currently with
an NSF-Funded Institute focused on using data science to enable real-time
integration of synchrophasor data into grid operations. She was the recipient
of the NSF CAREER Award.

Oliver Kosut (Member, IEEE) received B.S. degree in electrical engineering
and mathematics from the Massachusetts Institute of Technology (MIT), Cam-
bridge, MA, USA, in 2004 and the Ph.D. degree in electrical and computer
engineering from Cornell University, Ithaca, NY, USA, in 2010. Since 2012,
he has been a Faculty Member with the School of Electrical, Computer
and Energy Engineering, Arizona State University, Tempe, AZ, USA, where
he is an Associate Professor. From 2010 to 2012, he was a Postdoctoral
Research Associate with Laboratory for Information and Decision Systems,
MIT. His research interests include information theory, cybersecurity, and
power systems. He was the recipient of the NSF CAREER Award in 2015.





